INTERLACING PROPERTY OF ZEROS OF EIGENVECTORS OF 
SCHRODINGER OPERATORS ON TREES 



FRANgOIS CHAPON 

Abstract. We prove an analogue for trees of Courant's theorem on nodes 
of eigenfunctions of a Schrodinger operator. Let F be a finite tree, and A. a 
Schrodinger operator on F. If the eigenvalues of A are all simple, and ordered 
according to increasing eigenvalues, then the n-th eigenvector has exactly n 
nodal domains, and the zeros of eigenvectors have the interlacing property. 



1. Introduction 

The famous Courant's theorem |CH53j about nodal domains of eigenfunctions 
of differential operators states that 

Theorem (Courant's theorem). Let L be a self-adjoint second order elliptic oper- 
ator on a domain G with arbitrary boundary conditions. If its eigenfunctions are 
ordered according to increasing eigenvalues, then the nodes of the n-th eigenfunction 
Un divide the domain into no more than n subdomains. 

The subdomains defined in the theorem are called nodal domains and are the 
connected components of the complement of the nodal set {x\un{x) =0}, which 
are separated by the nodes, or zeros, of eigenfunctions of L. 

If i is a Schrodinger operator on G = [a, 6] C M, that is L = C + V where C is 
the Laplacian and V some potential, Courant's theorem becomes: The nodes of the 
n-th eigenfunction u„ divide G into exactly n nodal domains. Besides, the zeros of 
eigenfunctions of L have an interlacing property: Between two zeros of Un, there is 
exactly one zero o/u„+i. 

Analogues of Courant's result on graph have recently received increasing atten- 
tion, see for example [DGLSOT] |Bi^| and the recent book |BLS07] . In [DGLSOT] . 
the authors Davies et al. prove an analogue of Courant's theorem on graph. Con- 
trary to the situation when G is a manifold, since a function on a graph is only 
defined on the set of vertices, an eigenfunction can change its sign without passing 
through zero, hence the nodes are not well defined. So, Davies et al. introduce the 
notion of sign graph, which is a connected set of vertices, on which the eigenvector 
has the same sign, and prove the analogue of Courant's result, about the maximal 
number of sign graphs of eigenvectors of a Schrodinger operator. Their proof are 
based on Courant's minimax theorem, see fCH53l , and some straightforward alge- 
bra. In jBiy03j , Biyikoglu proves an analogue of Courant's theorem for trees: he 
characterises the maximal number of sign graphs of an eigenvector of a generalised 
Laplacian, and gives a computational algorithm to find an eigenvector with min- 
imum number of sign graphs. In particular, he proves that if u is an eigenvector 
associated to the n-th ordered eigenvalue A„ without a vanishing coordinate, then 



Date: April 8, 2009. 



2 



FRANgOIS CHAPON 



u has exactly n sign graphs. He also characterises the maximal number of sign 
graphs for eigenvalues with multiplicity greater than one. 

Here, we will prove the analogue of Courant's result for Schrodinger operator on 
finite trees, under the assumption that all the eigenvalues are simple. This recover 
the previous result of Biyikoglu |Biy03| for simple eigenvalues. We will also prove 
the analogue of the interlacing property of eigenfunctions. Since on a tree there 
is a unique path connecting two vertices, we can extend a function by linearity 
on edges, which allows us to define the zeros of an eigenfunction. The situation 
becomes then very similar to what happens in the real unidimensional case. Both 
proof of Courant's nodal theorem and of the interlacing property of eigenfunctions 
of a Schrodinger operator on a tree follow the lines of the proof of Courant |CH53| . 
which is based on Green's formula. 

2. Notations 

Let r = {V,E) be a finite tree, where V is the set of vertices and E the set of 
edges, with \V\ = N, and \E\ = N — 1. Recall that a tree is a connected graph 
without cycles. This means that on a tree, any two points (possibly on the edges) 
are connected by a unique path. We note for x,y ^ V, x ^ y if there is an edge 
connecting x and y, and x and y are said to be neighbours, or adjacent. We choose 
some vertex with only one neighbour and call it the root of the tree. This gives 
an orientation of the edges, the positive orientation being the direction connecting 
the root and the vertices. We note {x,y) the edge starting from x and ending at 
y. We consider weighted trees, that is there is a function c : V x V ^ M. such that 

c{x, y) = c{y, x) > 0, if a: y, 
c{x,y) — 0, otherwise. 

Let for X ~ y, l{x,y) — ^(l y-^ ■ l{x,y) is called the length of the edge connecting x 
and y. Define L'^{V) the space of functions on V endowed with the scalar product 

{u,v)v = ^ u{x)v{x), 

xev 

for u,v functions on V. Define also L^{E) the space of functions f on E such that 
f{x,y) = —f^y^x) for all edges {x^y) G E, endowed with the scalar product 

{f,g)E= fi^^y)9{x,y) ^^Yl fi^^y)9{x.y), 

(x,y)eE x£V y€V,y~x 

for f,g€L\E). 

We define the derivative operator d : L'^{V) — ^ L'^{E) by 

du{x, y) = c{x, ?/)^/^(u(x) - 

for u e L'^{V). Its adjoint d* : L'^{E) L^{V) is then given by d*g{x) = 
Ey^x c{x,yy^'g{x,y),ioi- geL'{E). 

Let C = d*d : L'^{V) L'^{V). Then L is called the Laplacian on F, and for 
/ € we have for all x <^V, 

Cf{x)= c{x,y){f{x)-f{y)). 

y&V,y~x 
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£ is a self-adjoint operator on L'^{V). If we see / as a vector in M^, then C can be 
seen as a, N x N symmetric matrix whose entries are given by 

Cxx = J2y^x y), on the diagonal. 

We can also introduce the notion of Schrodinger operator. Let r : F ^ K be some 
function on V, which plays the role of some potential. Define A = C + r. Then, for 
all / G L^iV), and all xeV, 

Af{x) - 5]c(a;,y)(/(x) -/(y)) +r(x)/(x). 

y^x 

A is called a Schrodinger operator, or a generalised Laplacian, on T. As for the 
Laplacian C, A can be seen as a x iV symmetric matrix, with non-positive off- 
diagonal element. 

In the sequel, we will note Xi, i = 1, . . . , N, the (real) eigenvalues of A satisfying 

and such that the eigenspaces are orthogonal with respect to {■,-)v- It is well known 
that by the Perron-Frobenius theorem, Ai is simple and the first eigenvector can 
be chosen everywhere positive, see [DGLSOlj . By orthogonality, any eigenvector 
associated with an eigenvalue different from Ai must then change sign on V. 

An edge (a;, y) can be identified with the real interval [0,l(x,y)]. A function u 
defined on V can then be extended on the edges by linearity. Let us call u^y this 
extension on the edge (a;, y). We have then 

, , u(y) — u(x) , ^ „ r 

uxyit)^ — ^t + u{x), forte p,?Oc,y . 

l{x,y) 

When there is no risk of confusion, we will omit the index xy. 

Definition 2.1. Let u be a Junction on V. A strong positive (resp. negative) sign 
graph of u is a maximal subtree S of T with u(x) > (resp. u(x) < 0), for all 
vertices x of S. 

Recall the theorem of Davies et al. |DGLSOl| . which is an analogue on graph of 
the Courant's nodal theorem. 

Theorem 2.2. Let Ai, . . . , A^v be the ordered eigenvalues of a generalized Laplacian 
on V. Suppose A„ is of multiplicity r. Then any eigenvector corresponding to A„ 
has at most n + r — 1 strong sign graphs. 

For our context of Schrodinger operators, we will make the 

Assumption. The eigenvalues of A are all simple, i.e. Ai < • • • < Ajv- 

The theorem of Davies et al. becomes then: A„ has at most n strong sign 
graphs. We make this assumption because there exists some examples of eigen- 
vectors associated with eigenvalues A„ of multiplicity greater than one, which have 
more than n strong sign graphs. For example, this counterexample is taken from 
|BLS07j . Consider the tree which is a star with four edges. Let the weight c 
equal one for all edges, and look at the Laplacian C. Its eigenvalues are Ai = 0, 
^^2 = A3 = A4 = 1, and A5 = 5, so A2 has multiplicity 3. An eigenvector associated 
with A2 is U2 — (0, —1, 0, 1, 1)*, hence U2 has 3 (> 2) strong sign graphs, see figurell] 
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Figure 1. The star graph counterexample. 

Definition 2.3. Let u be a function on V, and u its linear extension on edges. A 
nodal domain of u is a maximal connected path on which u is of constant sign. 

Since a tree is connected, this notion is well defined. The different nodal domains 
of u are then separated by the zeros of u. A nodal domain of u can also be seen as 
a subtree of F with some incomplete edges. 

Let G be a strong sign graph of u. Let (x, y) be an edge with x E G and y G V\G. 
Then u{x)u{y) < on {x, y), otherwise y would be in G. This implies that u must 
vanish on the interval ]0,l(x,y)]. Hence, G defines uniquely a nodal domain G of 
u, because, since u is linear on any edge, wc cannot have two zeros on the same 
edge, and a nodal domain contains at least one vertex. So, a function u having n 
strong sign graphs is equivalent to u having n nodal domains. 

We end this section by looking at zero vertices of eigenvectors. Let u be an 
eigenvector of A with eigenvalue A. Let a; be a zero vertex of u, i.e. u{x) = 0. 
Then, Au{x) = 0, and we have 



^c{x,y)u{y) = 0. 



Since c{x, y) > for all x ^ y, two cases are possible: we have either u{y) = for 
all y ^ X, and x is said to belong to a zero graph, or x is adjacent to both strict 
signs. We remark that a nodal domain of u cannot end at endpoints of the tree, or 
else an endpoint x would be a zero vertex and the unique neighbour of x would be 
of strict sign, which is not possible by what we have seen above. Since u = on a 
zero graph, we identify a zero graph as a unique zero of u. 

3. Green's formula 

Let u be some function on V. The set {x £ V\u{x) > 0} is a forest, that is, 
a disjoint union of trees. Let G be one of this trees. Then G is a strong positive 
sign graph of u, so G determines a nodal domain G of u. Let us introduce some 
boundary sets: 

S{G) ^ {x eV \ G\x ~ y, for some y € G} , 
d{G) ^ {{x,y) e E\x e G,y e S{G)} . 

Since u{x) > for all a; G G, we have u{y) < for all y G S{G), otherwise y 
would be in G. This implies that Uxy vanishes on ]0, l{x, y)], where {x, y) is an edge 
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belonging to d{G). Let us call t{x,y) the point of [0,l{x,y)] where Uxy vanishes. 
We have 

_ lix,y)uix) 
'^""'y^- u{x)-u{yy 
The boundary of G (depending on u) is then defined by 

B{G) = {t{x, y)\x^y,x€G,y€ S{G)} . 

This boundary set is defined in the same way for G a strong negative sign graph. 
Let V be the usual gradient on M. Wc have the analogue of the Green's formula, 

Proposition 3.1 (Green's formula). Let A = C + r be a Schrddinger operator. Let 
u, V be functions on V, and u, v their linear extension on edges. Let G be a strong 
sign graph of u, and B{G) the boundary of the corresponding nodal domain of u. 

Then, we have, 

Au{x)v{x) - ^ u{x)Av{x) = - ^ Wu{t)v{t). 
xeG xeG teB{G) 

Proof. Since, 

Au{x)v{x) — u{x)Av{x) = Cu{x)v{x) — u{x)jCv{x), 

x£G x£G xeG xeG 

we only have to prove the proposition for the Laplacian £. 
We have, 

^ Cu{x)v{x) = ^ c{x, y) {u{x) - u{y))v{x) 

xeG xeGyeV,y^x 

= Y1 c{x,y){u{x)-u{y))v{x) 

xeG yeG,y^x 

+ X] c{x,y){u{x) - u{y))v{x). 

xeGye5(G),y^x 



But, since 



X X c{x,y){u{x)-u{y)){v{x)-v{y)) 

xeG yeG,yr^x 

= 2^ ^ c{x,y){u{x) - u{y))v{x) 

xeG yeGjy^x 

= 2^ X] c{x,y){v{x) -v{y))u{x), 

xeG yeGjy^x 



we have, 



^ £u{x)v{x) = ^ ^ c{x, y) {v{x) - v{y))u{x) 

xeG xeG yeG,y^x 

+ Y1 5Z c{x,y){u{x) -u{y))v{x) 

xeG ye5{G),y^x 

= X] ^^i^hix) - X! X (^(^) ~ v{y))u{x) 

xeG xeG yeS{G),y^x 

+ Y1 c{x,y){u{x) - u{y))v{x). 

xeGye5(G),y^x 
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On the interval [0, l{x, y)], we have v{t) = ^^^f^j-^y^i + v{x), hence 
-/ / NN v(x) — v(y) , , , , 

for t{x,y) = ^^^^'^^2" fa) ■ Furthermore, since V is the usual derivate, we have 

^"^^^ ^ ''%,y)'^ = - u{y)), 

for t e [0,l{x,y)]. Hence, we have 

teB{G) 

= E E V«(i(x,2/))«Wa;,y)) 

= Y1 E (-l)c(a;,j/)(u(a;) -u(y))t;(i(a;,y)) 

= E E c(a;,t/)(t;(a;) -t;(y))«(a;) 

a;eG3/e5(G),3/'-x 

SO the proposition is proved. □ 

4. Nodal theorem and zeros of eigenvectors 

As in the classical result of Courant, we can now prove the nodal theorem and 
the interlacing property of the zeros of eigenvectors of A- 

Theorem 4.1. Let A„, n = 1, . . . , N , be the simple ordered eigenvalues of A, and 
let Un be an eigenvector associated with A„. Then, A„ has exactly n strong sign 
graphs, and the zeros of the eigenvectors u„ interlace, in the sense that in any 
nodal domain ofun-i there is exactly one zero of Un- 

Proof. Let A and fi be two eigenvalues of A with A < /i, and let u and v be the 
associated eigenvectors. Let G be a strong positive sign graph of u, and G be the 
corresponding nodal domain of u, with boundary B{G). Suppose that v does not 
change sign on G, and say v > on G. This implies that v{x) > 0, for all x € G. 
By Green's formula, wc have 

{X- li)J2u{^Hx) = - E yu{t)v{t). 
xeG teB(G) 

The left hand side of the above expression is then negative. Since Vu = c{x, y) {u{y) — 

u{x)) < on the edges {x,y) G dG, and i; > on G, then the right hand side is 
non-negative. So there is a contradiction, and v must vanish and change sign on G. 
Using the same argument on all of the strong sign graphs of u, we conclude that 



INTERLACING PROPERTY OF SCHRODINGER OPERATORS 



7 



V has at least one more nodal domain than ii. By the theorem of Davies et at, if 
all eigenvalues A„ of A arc simple, then u„ has at most n strong sign graphs, and 
hence u„ has at most n nodal domains. So, we deduce from this by iteration, that 
Un has exactly n nodal domains, and hence w„ has exactly n strong sign graphs. 
Indeed, since ui is chosen everywhere positive, it has only one strong sign graph. 
Since U2 must vanish and change sign on it, two cases can occur. Either we have 
U2 vanishes on some interval [0,l{x,y)], possibly at some vertex, or U2 has a zero 
graph which must finish at endpoints of T. otherwise U2 will have more than two 
strong sign graphs, which is impossible by the theorem of Davies et al.. Hence U2 
has exactly two nodal domains. Repeating the argument for the nodal domains of 
all eigenvalues, this implies that {(„ has exactly n nodal domains. 

Since on a tree, there is a unique path connecting any two points of the tree, 
the different nodal domains of u„ are separated by a unique zero of {t„. Since m„ 
has exactly n nodal domains separated by its zeros, has exactly n — 1 zeros in 
r. Hence, since w„ must vanish in the interior of every nodal domain of Wn-i, the 
zeros of the {un)i<n<N must interlace in the sense that in any nodal domain of 
Un-i, there is exactly one zero of u„. □ 
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